
 

 

 
 

(16)   7.7   Indeterminate Forms and I 'Hopital's Rule(B) 
 
 
 
Using Logarithmic  To Find Limits: 
 ln lim௫→௔ ݂ሺݔሻ = lim௫→௔ ln ݂ሺݔሻ ܨܫ ln lim௫→௔ ݂ሺݔሻ = ⇒     ܮ   lim௫→௔ ݂ሺݔሻ = ݁௅ ݁୪୬ ௔ = ܽ ݁଴ = 1 ݁ஶ = ∞ ݁ିஶ = 0 
 

 
Indeterminate form: 
 

Form Guidelines Example 

0଴ 
 
 
 ∞଴ 
 
 
 1ஶ 

ܮ 1 = lim௫→௔ሾ݂ሺݔሻሿ௚ሺ௫ሻ → ൝ ܮ ∞01∞00 = lim௫→଴శ ௫మݔ → 00 

2 
ln ܮ = lim௫→௔ lnሾ݂ሺݔሻሿ௚ሺ௫ሻ         = lim௫→௔ ݃ሺݔሻ lnሾ݂ሺݔሻሿ  

ln ܮ = lim௫→଴శ ln = ௫మݔ lim௫→଴ ଶݔ ln  ݔ

3 ln ܮ = lim௫→௔ ln ݂ሺݔሻ1݃ሺݔሻ → ۔ۖەۖ
ۓ 00±∞±∞ ln ܮ = lim௫→଴శ     ln ଶݔ1    ݔ → −∞∞  

4 ln ܮ = lim௫→௔ ௫ܦ ln ݂ሺݔሻܦ௫ ൬ 1݃ሺݔሻ൰ = ݇ ln ܮ = lim௫→଴శ
ݔ1 ଷݔ2−  = ݔ1 ∙ ଷ2ݔ− = − ଶ2ݔ = 0 

ܮ 5 = ݁௞ ܮ  = ݁଴ = 1 
 
 
 ∞ − ∞ 

لاختصار أو الضرب في حاول وضع المطلوب على صورة بسط ومقام وذلك بتوحيد المقامات و ا

على إحدى  الصور السابقة تحصل المرافق حتى 
଴଴    أو

±ஶ±ஶ     

  



Exa

ܮ ൌ ௫ln ܮ ൌ
ܮൌܮ            ൌ ݁
 

Exa

 

     ܿ l௫ln ܮ ൌ
ଵܮ  ൌ
ൌܴܮ       
ଶܮ  ൌ
ൌܴܮ       
 ln ܮ ൌܮ ൌ ݁
     

ܮ ൌ ௫ln ܮ ൌ
 

ൌܴܮ         
ܮ        

Exa

(16)

ample 1

lim௫→଴శ  ሺ1 ൅ sൌ lim௫→଴శ csc 3
0൅→ݔൌܴ  limܮ  21 ൅3 c݁ଶଷ 

ample 2

lim௫ →ஶ ൬ ݔ ൅ 3cosh ൌݔ lim௫ →ஶ ݔ1 ln
lim௫ →ஶ ୪୬ሺൌܴ limݔ →∞ ݔ1 ൅ 31lim௫ →ஶ lnሺcosݔൌܴ limݔ →∞ sinh coshݔ 1ൌݔ ଵܮ െ ଶܮ ൌ݁ିଵ ൌ ଵ௘      

lim௫→଴శ ൬5௫ ൅2ൌ lim௫→଴శ ln ൬5
ൌܴ  lim0→ݔ൅ 25ݔ ൅ܮ ൌ ݁୪୬ √ଷହ

ample 3

)   7.7   Inde

65 

1 Find t

sin ሻୡୱୡݔ2 ଷ௫3ݔ  lnሺ1 ൅ scos ൅ݔ2 sin cosݔ2 ݔ3 ൌ lݔ
2 

Find t

൰ଵ/௫ݔ3 ൌ 0଴ ൬ ݔ ൅ 3cosh ൰ݔ ൌ
ሺ௫ାଷሻ௫ ൌ ஶஶ ൌ 0 sh ݔሻݔ ൌ ൌ ݔݔ ∞∞ limݔ →∞ taൌ 0 െ 1 ൌ െ

7௫൰ଵ௫
 5௫ ൅ 7௫2 ൰ݔ ൌ

2൅ ݔ7 ቆ5ݔ ln 51 ൌ √35 

3 Show 

eterminate F

 5168855

the followin

௫ ൌ 1ஶ sin ሻݔ2 ൌ l௫lim0→ݔ൅ 23 cos ݔ3

the limit if i

ൌ lim௫ →ஶ lnሺݔ

anh ݔ ൌ 1 െ1 

ൌ 00  
5 ൅ ݔ7 ln 72 ቇ

that 

Forms and I

             

ng limits 

lim௫→଴శ  lnሺ1 ൅sin2 cos ݔݔ2 ൫1 ൅ sin 2

t exists 

S

൅ 3ሻ െ lnሺcݔ

ൌ lim0→ݔ൅ 5ݔ

lim௫→଴శ ൬5௫ ൅2

I 'Hopital's R

              

lim௫→଴శ
Solution൅ sin ሻnݔ2 ݔ3 ൌ

൯ݔ ൌ 23൫1 ൅

lim௫ →ஶ ൬ cݔ
Solution

cosh ሻݔ ൌ ௫

Solution

ln 5 ൅ ݔ7 ln5ݔ ൅ ݔ7

൅ 7௫2 ൰ଵ௫ ൌ √

Rule (B)     

              

mశ ሺ1 ൅ sin 2
 00  

൅ 0൯  ൌ 23 

ݔ ൅ 3cosh ൰ଵ/௫ݔ .
n 

lim௫ →ஶ lnሺݔ ൅ݔ

n 7 ൌ ln 5 ൅2

√35 

                  

    غانم سام

ሻୡୱୡݔ2 ଷ௫ 

 

൅ 3ሻ െ lim௫ →ஶ

൅ ln 7 ൌ 12 l

                  

حس

1

35   2 No

lnሺcosh ݔሻݔ  

ln 35 ൌ ln ඥ

16  Decem

   P2 

3  March  2

ovember  

(4

ඥ35  

mber  1999 

2001 A

2011

4 pts )

A 



Exa

ܮ ൌ l௫
ln ܮ ൌ
          
  ln ܮ
 

Exa

ܮ      ൌln ܮ ൌ
           
Exa

ܮ      ൌln ܮ ൌ
ܮൌܴܮ         ൌ ݁
 

(16)

ample 4

lim௫→∞ ൬1 ൅ 12√ൌ  lim௫→∞ ଵଶݔ   

∞→ൌܴ  lim௫ܮ     െ
ൌ  12   
ample 5

ൌ lim௫→଴శሺݔଶൌ  lim௫→଴శ    co
  ൌܴ  lim௫→଴శܮ 
ample 6

ൌ lim௫ →଴శሺsecൌ lim௫ →଴శ ݔ1 lnൌܴ lim0→ ݔ൅
sec se݁ଵݔ ൌ ݁ 
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4 Evalu

൰√௫ݔ√1 ൌ lim௫→
ln ൬1 ൅ 12 ݔ
െ 14 ଷଶିݔ ቌ1െ 12  

5 Evalu

൅ 2௫ሻୡ୭୲ ௫ ൌot ݔ  ln  ሺݔଶ
ݔ2 ൅ 2௫ lnݔଶ ൅ 2௫secଶ ݔ
6 (2 pts)

c ݔ ൅ ሻଵ௫ݔ ൌnሺsec ݔ ൅ ݔሻݔ tan ݔ ൅ 1ec ݔ ൅ 1ݔ

eterminate F

 5168855

ate    l௫
m→∞ ൬1 ൅ 12 ݔ

ଵଶ൰ିݔ ൌ lim௫→∞1൅ 12 ଵଶቍିݔ
ଷଶିݔ  

ate lim௫→
ൌ 1ஶ ൅ 2௫ሻ ൌ li௫→2  ൌ 0 ൅ ln0 ൅1
) Find the fo

ൌ 1ஶ ሻ ൌ lim௫ →଴శ ln
ൌ 0 ൅ 11 ൅ 0 ൌ 1

 

Forms and I

             

lim௫→∞ ൬1 ൅ 12√
ିଵଶ൰௫భమ ൌ 1ஶ
   ln ൬1 ൅ ଵଶିݔ12
  ൌ lim௫→∞   െ

ܮ 
m→଴శሺݔଶ ൅ 2௫

im→଴శ   ln  ሺݔଶtann 21  ൌ  ln ܮ2
ollowing lim

S

nሺsec ݔ ൅  1ݔሻݔ

I 'Hopital's R

              

൰√௫ݔ√1
 

Solution

ஶ ିݔଵଶ൰  ൌ 00
െ12 ൬1 ൅ 12 ିݔ

ܮ ൌ ݁ଵଶ  ൌ  √
௫ሻୡ୭୲ ௫ 

Solution

ଶ ൅ 2௫ሻn ݔ  ൌ
ܮ 2 ൌ ݁୪୬ ଶ ൌ

 

mits. 

Solution

ሻ ൌ 00 

Rule (B)     

              

 

ିଵଶ൰  ൌ 12  
√݁ 

00 

2 

lim௫ →଴శሺsec
n 

                  

    غانم سام

c ݔ ൅  .ሻଵ௫ݔ

                  

حس

20 

   P3 

17  May  2

 January  2

34   July 9

000 A

001 A

, 2011



 

Exa

ଵܮ ൌ
ൌܴܮ        
ܮ  ൌ  ௫
 

Exa

ܮ ൌ  ௫ln ܮ ൌ
ൌܮ          
            ൌ
Exa

ܮ ൌ  ௫ln ܮ ൌ
ൌܮ          ൌܮ          
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ample 7

 lim௫→଴     sinhsinൌܴ lim0→ݔ     2 cocos
lim௫→଴ ൬sinh 2sin ݔ
ample 8

lim௫→଴శሺsin ሻൌݔ  lim௫→଴శ ln slnܮൌܴ  lim0→ݔ  cossin1ܮݔൌܴ  lim0→ݔ  cos
ample 9

lim௫→଴ ൤݁ ଵ௫మ൨ሺୡ୭
ൌ  lim௫→଴  ሺcos
cos2  0→ݔൌܴ  limܮݔsinh2  0→ݔൌܴ limܮ
ܮ          ൌ   

)   7.7   Inde
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7 Evalu

h nݔ2 ݔ  ൌ  00   sh shݔ2 ݔ  ൌ 2 

ݔݔ2 ൰୲ୟ୬୦ ௫ ൌ
8 Evalu

ሻ ଵ୪୬ ௫ in nݔ ݔ  ൌ   െ∞െ∞ݔݔ  ൌ limݔ  0→ݔs ݔ െ ݔ sin cosݔ ݔ
9 Evalu

୭ୱ୦ ௫ିଵሻ
 sh ݔ െ 1ሻ lnh ݔݔ  ൌ 00 ݔ ൌ 12 ݁భమ ൌ √݁    

eterminate F
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ate lim௫→

2଴  ൌ 1 

ate lim௫→

∞
∞

ݔ    cos sinݔ ݔ  ൌ 00ݔ ൌ 1 െ 01   1
ate lim௫→

n ݁ ଵ௫మ ൌ lim௫→଴

    
 

Forms and I

             

m→଴ ൬sinh sinݔ2 ݔ ൰

m→଴శሺsin ሻݔ ଵ୪୬

00   1 

m→଴ ൤exp ൬ ଶ൰ݔ1
m଴  ሺcosh ݔ െ

I 'Hopital's R

              

൰୲ୟ୬୦ ௫
 

Solution

ଵ௫, 
Solution

∴ ܮ ൌ ݁
 ൰൨ሺୡ୭ୱ୦ ௫ିଵሻ

Solution

െ 1ሻ ∙ ଶݔ1  ln
 

 

 

Rule (B)     

              

݁ ൌ lim௫→଴  co

                  

    غانم سام

osh ݔ െ ଶݔ1 ൌ

                  

حس

3

ൌ  00   

   P4 

24  May  2

28  July  2

30  January 

005 A

006 A

 2008



Exa

ܮ ൌ l௫
ln ܮ ൌ          
.ܮ ܴ →
.ܮ ܴ →∴ ܮ ൌ          
 

tanh  sinh(3 −
 
 

Exa
35  D

(16)

ample 1

lim௫→∞
൬ܽݔ + ݔ1ܽ − 1

ൌ lim௫→∞
ݔ ln ൬

→ lim௫→∞
ݔܽݔܽ  

→  lim௫→∞
  2ܽଶݔൌ ݁ଶ௔     →               ܽ ൌ l

ݔ →   1       h ݔ →  ∞       2 tanh ୱ୧୬(ݔ

ample 1
December  2

)   7.7   Inde

65 

10 Fin

11൰௫
 

൬ܽݔ + ݔ1ܽ − 1൰ ൌ
− 1+ 1 ∙ ݔܽ)ܽ

ଶݔଶݔ2ܽ − 1  ൌ  2ܽ
   ∴  ݁ଶ௔ ൌ 92ln 9  ൌ  1ln 3

୬୦       ݏܽ        → ݔ    ݏܽ   ௫ ⇒   1∞ 

11 
004 A 

eterminate F

 5168855

nd the value

ൌ  lim௫→∞
  ln ቀܽܽ

− 1) − ݔܽ)ܽ)ܽ − 1)ଶ−1ݔଶ2ܽܽଶ  ൌ  2ܽ  9    →   ∴ 2ܽ
3 

ݔ ∞  → ݔ    ݏܽ       ∞  →
 

which the in
have as   ݔ

Forms and I

             

e of  ܽ ൐ 0 f

ݔܽ + ݔ1ܽ − 1ቁ1ݔ  ൌ
ݔܽ + 1)ଶ  ൌ
ൌ  ln 9      

→  ∞ 

ndetermina→ ∞ and st

I 'Hopital's R

              

 

for which 

Solution

 ൌ  00   
lim௫→∞

ݔܽ)ݔܽ)ܽ +

Solution
 

te form doe
tate why ? 

Rule (B)     

              

lim௫→∞
൬ܽݔ ݔܽ+ −

− 1 − ݔܽ −+ ݔܽ)(1 ଶݔ1−−

es the functi

                  

    غانم سام

+ 1− 1൰௫ ൌ 9 

− 1)1) ൌ  lim௫→∞

ion  (3 − 2 t

                  

حس

34   

m
∞

ݔܽ)2− + ଶݔ1−)(1

tanh ୱ୧୬୦(ݔ

   P5 

August   20

ݔܽ)ܽ − 1)1ଶ  

୦ ௫  

009  A



(16)   7.7   Indeterminate Forms and I 'Hopital's Rule (B)                                            P6 

 65168855                                              غانم حسام 

Homework 
 

1 Find lim௫ିஶ ൬cos ൰௫ݔ1
 7  July  1997

2 Find lim௫→ஶ(2௫ + 3௫)ଵ௫ 12  July  2000 A

3 Evaluate lim௫→଴శ(1 + csc ୱ୧୬(ݔ ௫ 23  January  2005 A

4 Evaluate lim௫→଴శ(1 − ୡ୭୲(ݔ3 ௫ 33   May    2004

5 Evaluate lim୶→ஶ(1 − ݁ି௫)௘ೣ 3   August   1995

6 Evaluate lim௫→ଵశ(ln ௫ିଵ 25  August  2005 A(ݔ

7 Evaluate lim௫→଴శ(݁௫ − 1) ଵ୪୬ ௫ 29  January  2007 A

8 Evaluate lim௫→ஶ ൬ݔ + ݔ2 − 1൰௫ . 31  August  2008 A

9 Find lim௫→ஶ(݁௫)௘షೣ 18  July  2005 A

10 Evaluate lim௫→ଵ ln ଷݔ௫√ݔ − 1 18  July  2005 A

11 Find the following limits lim௫→ஶ(1 + ݁௫)ଵ/௫ 15  July  2003 A

12 Evaluate lim௫→ஶ ൬ݔ − ݔ1 + 1൰ଶ௫ାଵ
 23  November  2007 A 

13 Evaluate lim௡→ஶ ቀ ݔݔ − 3ቁ௫
 4  July  1996

14 Evaluate lim௡→ஶ(3ݔ + ݁௫)ଶ௫ 2   May   1995

15 Evaluate lim௫→గଶష(tan ୡ୭௦(ݔ ௫ 11   December   1997



(16)   7.7   Indeterminate Forms and I 'Hopital's Rule (B)                                            P7 

 65168855                                              غانم حسام 

Homework 
 

16 Evaluate lim௫→ଵశሺln ሻ୪୬ݔ ௫ 12   December   1997

17 Evaluate lim௫→ஶሺ1 + ሻ௘షೣ 13   May   1998ݔ2

18 Evaluate lim௫→ஶሺݔ + ݁௫ሻଶ௫ 25   December   2001

19 Evaluate lim୶→ஶሺ1 − ݁ିଶ௫ሻ௫ 37   June   2005

20 Evaluate lim௫→ஶ ൬ݔ − ݔ3 + 5൰௫ . 39   December   2005

21 Evaluate lim௫→଴ ቆ5௫ + 2௫ାଵ3 ቇଵ௫
 40   May   2006

22 Evaluate lim௫→଴శ ୲ୟ୬ݔ ௫ 14   November   1998

23 Evaluate lim୶→ஶሺ1 − ݁௫ሻ௘షೣ 15   December   1998

24 Evaluate lim௫→଴శሺ1 + ሻݔ ଵ୲ୟ୬షభ ௫ 4   December   1995

25 (3pts ) Evaluate the limit , if it exists lim௫→ଵశ ൬4ߨ tanିଵ ൰ଵ/ሺ୪୬ݔ ௫ሻ . 30   April 11, 2010

26 Evaluate the following. lim௫→ଵሺ1 + ln ሻଵ/ሺ௫ିଵሻ. [2 mark] 31   10 July 2010ݔ

27 (3 pts). Find the limit if it exists : lim௫→ஶሺcosh ሻଵ/௫ 33  April 10, 2011ݔ

28 (2 points ) Evaluate the following limit lim௫→ଵశሺln ሻ୪୬ݔ ௫ 50  Dec. 15, 2009

29 ( 3 pts.) Find the following limits, if it exist. lim௫→଴ሺ1 − cos ሻଵିୱୣୡݔ ௫ 53  11 Dec. 2010

30 (4 pts. ) Evaluate   lim௫→ஶሺ݁ଶ௫ + ሻହ/௫ 36  June 6, 2010ݔ3

 
 



 

31

32

33
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1 Evalu

2 Evalu

3 Find 
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uate li௫→
uate li௫→li௫→
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im→଴|ݔ|ୱ୧୬௫ 

im→ஶቀcothim→ଵሺ2 െ ሻݔ
 

Forms and I

             

Ho

 2ቁ௫ݔ

ሻ୲ୟ୬ሺగ௫/ଶሻ

I 'Hopital's R

              

omewo
 

Rule (B)     

              

ork 

                  

    غانم سام

                  

حس

22  Ju

41   14 

   P8 

une  2004 

 

January 2

A 

2012 



 
 
 

ଵܮ൐ ݔ ൌln ଵܮ
             
            ൌݔ ൏ ଶܮ0 ൌln ଶܮ
          
         
        ∴
 

ܮ ൌ l௫ln ܮ ൌ
ൌܮ          
ൌܴܮ          
ൌܮ           
ܮ      ൌ
 

(16)

31 

0  lim௫→଴ ୱ୧୬ൌ|ݔ|  lim௫→଴శ  sin
ሻൌݔ−2cos0 lim௫→଴ష  ሺ  0→ݔൌܴ  limܮc  +0→ݔൌܴ  limܮ lim௫→଴ష   sin
ൌܴ  lim௫→଴షܮ   c ܮଶ ൌ  ݁଴ ൌ∴ ܮ ൌ 1 

32 

lim௫→∞ ቂcoth ቀ2ݔൌ lim௫→∞  ݔ ln
−  ∞→ݔൌܴ  limܮ 12c

ൌܴ limݔ2   ∞→ݔcosh 2sinhൌ   ∞→ݔൌܴ limܮݔ ݁଴ ൌ 1 
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Evalu

௫ ൌ 0଴ n ݔ ln ݔ ൌ  ௫1ݔsc ݔ cot ݔ  ൌsin ݔ cos sݔ ݔ − ݔ sin ݔ
ሻୱ୧୬ ௫  n ݔ  lnሺ−ݔሻ−1−ݔcsc ݔ cot ݔ  ൌ 1               

Evalu

2ቁቃ௫ݔ ൌ 1ஶ 

ቂcoth ቀ2ݔቁቃ12 csch2 ቀ2ݔቁcoth ቀ2ݔቁ−12ݔ ൌ
ݔ  ൌ ∞∞  2h ݔ ൌ 0 

eterminate F
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ate lim௫→

lim௫→଴శ   ln cscݔ ݔ  ൌ lim1  +0→ݔsin ൌ 01 ൌ ݔݔ 0 

ൌ  lim௫→଴ష   ln
ൌ   lim௫→଴ష    c       
ate lim௫→

ൌ lim௫→∞  ln ቂ
ൌ  2ݔ csch22 coth ቀ

Forms and I

             

m→଴|ݔ|ୱ୧୬ ௫ 

ൌ   −∞∞ ݔݔ1   ∙ cos sinݔ ݔ  ൌ
ܮ

nሺ−ݔሻsin ݔ  ൌ cscݔ1   ݔ cot ݔ
m→∞

ቀcoth 2ቁ௫ݔ

coth ቀ2ݔቁቃ1ݔ ൌ
ቀ2ݔቁቀ2ݔቁ ൌ  ൌ limݔ→

I 'Hopital's R

              

Solution
 

lim0→ݔ+  sin2ݔ cos
ଵܮ ൌ ݁଴ ൌ
−∞∞  

ൌ 0 

௫
 

Solution

ൌ  00   
m→∞    2 sinh ቀ

Rule (B)     

              

2 sݔ ݔ  ൌ 00   
1 

2ቁݔ2ቀݔ cosh ቀ2ݔቁ

                  

    غانم سام

ቁ ൌ limݔ ∞→ݔsin

                  

حس

2hݔ ݔ ൌ ∞∞  

   P9 

22  June  2004 A




